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Lattice polytope: P = conv(vy,...,v,) C RY where v; € Z¢

Proposition/Definition[Ehrhart]

J Ehrp € Q[t] (Ehrhart polynomial) s.t. Ehrp(k) := ‘k:A N Zd‘
(k € Z).

Proposition /Definition

« hi(t
b € Zsolt] 5. t. Yoo Bhrp(k)th = o

Definition
degree of P: deg(P) = deg hp(t).
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Can one characterize all polynomials which can be interpreted as the
h*-polynomial of some lattice polytope?
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Example
P=[0,a) CR(a€EZ)e .
Ehrp(k) = ka+ 1

S kot D =0 ke + T = ageh 4 1

k>0 k>0 k>0
—1 1 *
= L = W5(t) = (a— 1)t + 1.
Question A

Can one characterize all polynomials which can be interpreted as the
h*-polynomial of some lattice polytope?

Degree 1
All lin. polynomials 1 + at € ZQZO[L‘] can be interpreted as h*-vectors.
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Degree 2[Henk & Tagami, Treutlein]
All polynomials 1 + a1t + ast? € Z>o[t] with

7 ifagzl

a1 < .
3as +3 ifay > 2

can be interpreted as h*-polynomials.
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Degree 2

Interpret h* = 1 + a1t + ast? € Z>o[t] as point in the positive
orthant (a1, az) € ]R220-

M = {(a1,a2) € Z2303 Wb (t)=14-a;t+ast?® for a lattice triangle
P C R?}

Proposition[H.,Nill,Oeberg]

There is a family (0;),c5.  of affine cones o; C RZ, such that
Mnod=0foralli.
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Question C
What are the simplices of a given degree (any dimension)?
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Question C
What are the simplices of a given degree (any dimension)?

Idea
Question C = Question B.
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Usually

A C RY d-dimensional lattice simplex if

A =conv(vi,...,Vgs1) for v; € Z< (aff. indep.)
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Usually

A C R d-dimensional lattice simplex if

A = conv(vy,...,Vgi1) for v; € Z< (aff. indep.)

Observations
o Lattice stays the same: Z<.

o Vertices change: vq,...,Vgii1-

Idea
Let's do it vice versa.
o Lattice changes: A.

o Vertices stay the same: What is a good choice?
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e1,...,e; € R? standard basis vectors.

Observation

All vertices should be “equivalent” ~~ bad choice: 0,eq,...,e,.
Better choice: eq,...,e411 € R4 (Dimension increases by 1).

A = conv(vy,...,vgp1) € R? d-dimensional lattice simplex. Cone
over A

C = cone({1} x A) C R,

Exists unique linear iso. : R4 — R4 with (1,v;) +— e;.

o p(A) =conv(ey,...,e411)
o Ap = p(Z4) C RY lattice
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A = conv(0, 2e1, 2e3) C R?

Ay =73+ 7
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A = conv(0, 2e1, 2e3) C R?

=L =L

- 111 100

035 0 020)=(010
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0 0 5

=1 =1 11

2 2 =550
AM=Z7)+7| 1 |+Z 0 wshort:(_QIQI)

2 3 2 03
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A = conv(vy,...,var1) € R? d-dimensional lattice simplex.
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A lattice Aa € R*! we call simplicial if
@ 7,0+1 C Ap.

@ Aa C {x e Rt Sy, € Z}.
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Theorem
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@ Zd-i—l - AA-

@ AA C {X e Rt1: Zfill T; € Z}.

Theorem
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Definition
A lattice A € R4 we call simplicial if
@ Zd-i—l - AA-

@ AA C {X e Rt1: Zfill T; € Z}.

Theorem

The assignment A — Aa induces a bijection
d-dim. lattice sim- / ~r> {simplicial Iattices}/ N
plices A C R? ! A C RoH! 2

@ ~1= up to affine unimodular equivalence

@ ~9= up to permutation of the coordinates
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X = {x € RI+1L. Zfill T; € Z} C R closed subgp.
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Appl.

X = {x € R4+ Zfill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

NK,U(C):{DG%E:CQKQD-I-U, }.

where K C X compact and U C X open with 0 € U.
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Appl.

X = {x € R4+ Zfill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.
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X = {x € R4+ Zflill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.

Example

[e] [e] [e] o o
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X = {x € R4+ Zflill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.

Example
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X = {x € R4+ Zflill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.

Example
lD‘OO'
oC r--to-- w
I
:-o- ® o-:
I
| I
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X = {x € R4+ Zflill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.

oo K CNKCD+U

o o o
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X = {x € R4+ Zflill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.

Example
oo K CNKCD+U
(D) L !
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X = {x € R4+ Zflill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.

Example
oo K CNKCD+U DNKCC+U
oD l------A !
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X = {x € R4+ Zflill x; € Z} C R closed subgp.
¢l = {C C X closed subgroup}

Chabauty topology
Basis of neighborhoods of C' € ¥

Nkv(C)={De®:CNKCD+UDNKCC+U}.

where K C X compact and U C X open with 0 € U.

oo K CNKCD+U DNKECC+U

i 5 8 2
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Proposition
o ¢ :={CeGl: 7" C C} C %V closed
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Proposition
o ¢ :={CeGl: 7" C C} C %V closed
o D= {C € ¢¥ discrete} C ¢/ open and dense.
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Proposition
o ¢ :={CeGl: 7" C C} C %V closed
o D= {C € ¢¥ discrete} C ¢/ open and dense.

In particular {A C R simplicial lattice} = DN¢ C 6 is locally
closed.

Johannes Hofscheier _ Thursday 4 August 2016 15 / 27



Motivation LLS LSD Deg. 2 Appl.
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Proposition
o ¢ :={CeGl: 7" C C} C %V closed
o D= {C € ¢¥ discrete} C ¢/ open and dense.
In particular {A C R simplicial lattice} = DN¢ C 6 is locally
closed.
Definition
Degree deg(C) of C € €

1=

deg(C) = maux;{zc'lJrl zi: (z1,...,2441) € CNJO, 1[d+1}.

Johannes Hofscheier LSD Thursday 4 August 2016 15 / 27



Motivation LLS LSD Deg. 2 Appl.

Degree 000000 00000 (o] lelelelele]e] 0000

Proposition
o ¢ :={CeGl: 7" C C} C %V closed
o D= {C € ¢¥ discrete} C ¢/ open and dense.

In particular {A C R simplicial lattice} = DN¢ C 6 is locally
closed.

Definition
Degree deg(C) of C € €

deg(C) = max{zc'ljll zi: (z1,...,2441) € CNJO, 1[d+1}.

Proposition
For A C R? a d-dim. lattice simplex, we have deg(Aa) = deg(A).
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Proposition

Ces ={Ce€:CNI0,1[H'C {xe0,1[¢!: Yz <s}} C
% closed.
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Finiteness

Proposition

Ces ={Ce€:CNI0,1[H'C {xe0,1[¢!: Yz <s}} C
% closed.

Proposition
The assignment A — Aa induces a bijection between the lattice
simplices with deg(A) < s and €<, N D (up to equivalence).
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Finiteness

Proposition

Ces ={Ce€:CNI0,1[H'C {xe0,1[¢!: Yz <s}} C
% closed.

Proposition
The assignment A — Aa induces a bijection between the lattice
simplices with deg(A) < s and €<, N D (up to equivalence).

Proposition [Chabauty]

X locally compact = ¥ is compact. In particular 6<, C 67
compact.
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Proposition

Ces ={Ce€:CNI0,1[H'C {xe0,1[¢!: Yz <s}} C
% closed.

Proposition

The assignment A — Aa induces a bijection between the lattice
simplices with deg(A) < s and €<, N D (up to equivalence).

Proposition [Chabauty]

X locally compact = ¥ is compact. In particular 6<, C 67
compact.

Partial ordering on 6%: C < D: < C CD (C,D € &?).
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Finiteness

Proposition

Ces ={Ce€:CNI0,1[H'C {xe0,1[¢!: Yz <s}} C
% closed.

Proposition

The assignment A — Aa induces a bijection between the lattice
simplices with deg(A) < s and €<, N D (up to equivalence).

Proposition [Chabauty]

X locally compact = ¥ is compact. In particular 6<, C 67
compact.

Partial ordering on 6%: C < D: < C CD (C,D € &?).

Theorem
The set of maximal elements in ¢<; is finite.
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Set M = {C € <, maximal}.
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Set M = {C € <, maximal}.
Assume | M| = .
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Set M = {C € <, maximal}.
Assume | M| = co. €< compact = M has a limit point, say
Cy € (ggs
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Set M = {C € €<, maximal}.

Assume | M| = co. €< compact = M has a limit point, say
Cy € 6<s, i.e., there is a sequence (Cy,) C ¥<s with
C, # Cy for all n and C), — Cy.

n€Z>0
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Idea Of Proof 000000 00000  000®0000 0000

Set M = {C € €<, maximal}.

Assume | M| = co. €<5 compact = M has a limit point, say
Cy € 6<s, i.e., there is a sequence (Cy,) C ¥<s with
C, # Cy for all n and C), — Cy.

n€Z>()

Chabauty-Pontryagin Duality[Cornulier]
The duality map

*: {cl. subgrp. C ]Rd‘H} — {cl. subgrp. C IRdH};

d+1
C—C" = {xERd+1: Zﬂ:‘zyz € ZV}’GC}
=1

is an involutory homeomorphism.
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|dea of Proof (continued)

Hence C;, — Cj.
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|dea of Proof (continued)

Hence C;, — Cj.

Cy C 7! for all i € Z>
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|dea of Proof (continued)

Hence C}, — Cj.

Cy C 7! for all i € Z>¢ = for every compact K C R4*! there
is N > 0such that C; NK =CjNK forn>N.
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|dea of Proof (continued)

Hence C}, — Cj.

Cy C 7! for all i € Z>¢ = for every compact K C R4*! there
is N > 0such that C; NK =CjNK forn>N.

For K big enough Cj N K contains a basis of Cj.
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|dea of Proof (continued)

Hence C}, — Cj.

Cy C 7! for all i € Z>¢ = for every compact K C R4*! there
is N > 0such that C; NK =CjNK forn>N.

For K big enough Cj N K contains a basis of Cj.

We obtain Cj € C; for n >> 0. So C,, C Cp. Contradiction to
maximality. O
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|dea of Proof (continued)

Hence C}, — Cj.

Cy C 7! for all i € Z>¢ = for every compact K C R4*! there
is N > 0such that C; NK =CjNK forn>N.

For K big enough Cj N K contains a basis of Cj.

We obtain Cj € C; for n >> 0. So C,, C Cp. Contradiction to
maximality. O

Remark
Could be also proved using a result due to Lawrence.
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Definition

Let A C R? be a lattice polytope. Lattice pyramid over A:

conv(A x {0}, e441) € ROTL.
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Definition

Let A C R? be a lattice polytope. Lattice pyramid over A:

conv(A x {0}, e441) € ROTL.

Example

A = conv(+e; £+ ey) C R?
A x {0}
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Definition
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Definition

Let A C R? be a lattice polytope. Lattice pyramid over A:

conv(A x {0}, e441) € ROTL.

Example

A = conv(+e; £+ ey) C R? /

A x {0}
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Lattice Pyramids

Definition
Let A C R? be a lattice polytope. Lattice pyramid over A:

conv(A x {0}, e441) € ROTL.

Example

A = conv(+e; £+ ey) C R? /

A x {0}
Proposition
The d-dim. lattice simplex A C R is a lattice pyramid iff

7;(Ap) = Z where 7;: R 5 Ryx+—» a; fori=1,...,d+ 1.
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Theorem[Nill]

Let A C R be a d-dim. lattice simplex. If d > 4deg(A) — 1, then
A is a lattice pyramid.
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Theorem|Nill]

Let A C R? be a d-dim. lattice simplex. If d > 4deg(A) — 1, then
A is a lattice pyramid.

Corollary
The assignment A — Aa induces a bijection

lattice simplices A
{With deg(A) < s }/ ~146 (G<sND)/ ~

where €<, C R4~ !
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Theorem|Nill]

Let A C R? be a d-dim. lattice simplex. If d > 4deg(A) — 1, then
A is a lattice pyramid.

Corollary
The assignment A — Aa induces a bijection

lattice simplices A
{With deg(A) < s }/ ~146 (G<sND)/ ~

where €<; C R*~! and

o ~1= up to affine unimodular equiv. and lattice pyramid constr.
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Theorem|Nill]
Let A C R? be a d-dim. lattice simplex. If d > 4deg(A) — 1, then
A is a lattice pyramid.

Corollary
The assignment A — Aa induces a bijection

lattice simplices A
{With deg(A) < s }/ ~146 (G<sND)/ ~

where €<; C R*~! and
o ~1= up to affine unimodular equiv. and lattice pyramid constr.

0 ~9= up to permutation of the coordinates.
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Theorem [Batyrev, Nill]

A lattice simplex of degree <1 is either a lattice pyramid over an
interval or a lattice pyramid over twice a unimodular simplex.
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Theorem [Batyrev, Nill]

A lattice simplex of degree <1 is either a lattice pyramid over an
interval or a lattice pyramid over twice a unimodular simplex.

Describe all lattice simplices of degree at most 1.
<~
Describe the maximal elements in <1 N D C R?.
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Degree 1 000000 00000 0000000 e 0000

Theorem [Batyrev, Nill]

A lattice simplex of degree <1 is either a lattice pyramid over an
interval or a lattice pyramid over twice a unimodular simplex.

Describe all lattice simplices of degree at most 1.
<~
Describe the maximal elements in <1 N D C R?.

Corollary

The maximal elements in €<; ND C R3 are the following:

11
-550
72 and 73 +R(ey —ez) = (T-10)
=5 U5
Johannes Hofscheier LSD

Thursday 4 August 2016 21 /27
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Recall: aj,...,a,, bi,...,b, € R4 linearly indep.

— a; —

:El_ @Zal@@Rb

_b'q_
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Degree 2 case (continued)

Theorem[Higashitani, H.]

The maximal elements in €<y C R are the following:

305000 Lo oo
@<1—1 0000) i (— )+9more
0 0-1100 0 0500 ‘T 56500
1-10000
discr. subgrp
11
003500\ s1111 1212
Y 2. nn gl 333300
000550 OOlllO OOlllO
—2—2—1_10000 21414 333
1.1
203900
v2 gt
005110

@ All other max. subgrp. are discrete and A C £Z7F1.
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Cayley Conjecture

Definition

A C R% is a Cayley Polytope of lattice polytopes A1, ..., A C R™
if K> 2 and A is unimodularly equivalent to

conv(A; x eq,..., A x ep) CR™ x RF.
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Cayley Conjecture

Definition

A C R% is a Cayley Polytope of lattice polytopes A1, ..., A C R™
if K> 2 and A is unimodularly equivalent to

conv(A; x eq,..., A x ep) CR™ x RF.

Example

A1, As C R two (lattice) intervals.
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Cayley Conjecture

Definition

A C R% is a Cayley Polytope of lattice polytopes A1, ..., A C R™
if K> 2 and A is unimodularly equivalent to

conv(A; x eq,..., A x ep) CR™ x RF.

Example

A1, As C R two (lattice) intervals.

A1 X e1
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Cayley Conjecture

Definition
A C R% is a Cayley Polytope of lattice polytopes A1, ..., A C R™
if K> 2 and A is unimodularly equivalent to

conv(A; x eq,..., A x ep) CR™ x RF.

Example

A1, As C R two (lattice) intervals. Ay X o
A1 X e1
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Cayley Conjecture

Definition
A C R% is a Cayley Polytope of lattice polytopes A1, ..., A C R™
if K> 2 and A is unimodularly equivalent to

conv(A; x eq,..., A x ep) CR™ x RF.

Example

A1, As C R two (lattice) intervals. Ay X o
A1 X e1
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Definition

A C R% is a Cayley Polytope of lattice polytopes A1, ..., A C R™
if K> 2 and A is unimodularly equivalent to

conv(A1 x eq,..., A x e;) C R™ x RF,

Example

A1, As C R two (lattice) intervals. Ay X o

A1 X e1
“Weak" Cayley Conjecture[Dickenstein, Nill]

A d-dim. lattice polytpe with degree s is a Cayley polytope, if
d > 2s.
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Proposition[Higashitani,H.]
The "Weak” Cayley Conjecture holds for degree 2 simplices.
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Proposition[Higashitani,H.]
The "Weak” Cayley Conjecture holds for degree 2 simplices.

Proposition
Let A€ €ND C R4HL,
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Proposition[Higashitani,H.]
The "Weak” Cayley Conjecture holds for degree 2 simplices.

Proposition
Let A€ €NDC RHL. A corresponds to a Cayley polytope iff

Johannes Hofscheier LSD Thursday 4 August 2016 25 /27



Motivation [LLS LSD Deg. 2 Appl.
000000 00000  0OOOOO00

lo] Jele}

Cayley Conjecture

Proposition[Higashitani,H.]
The "Weak” Cayley Conjecture holds for degree 2 simplices.

Proposition

Let A€ €NDC RHL. A corresponds to a Cayley polytope iff
there is a proper subset I C {1,...,d + 1} such that f;(A) CZ
where fr: A = Ryx = Y .2
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Proposition[Higashitani,H.]
The "Weak” Cayley Conjecture holds for degree 2 simplices.

Proposition

Let A€ €NDC RHL. A corresponds to a Cayley polytope iff
there is a proper subset I C {1,...,d + 1} such that f;(A) CZ
where fr: A = Ryx = Y .2

Idea of Proof.

Need to consider the case of dim. at least 5, i.e., the
max. subgrp. satisfy A C 1Z". Example (6-dim.):
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Cayley Conjecture

Proposition[Higashitani,H.]
The "Weak” Cayley Conjecture holds for degree 2 simplices.

Proposition
Let A€ €NDC RHL. A corresponds to a Cayley polytope iff

there is a proper subset I C {1,...,d + 1} such that f;(A) CZ
where fr: A = Ryx = Y .2

Idea of Proof.

Need to consider the case of dim. at least 5, i.e., the

max. subgrp. satisfy A C 1Z". Example (6-dim.):
1

111
AR

53 00550 for instance I = {1,2,3,4}. O
101 1.1

7050505

Johannes Hofscheier LSD Thursday 4 August 2016 25 /27



Motivation LLS LSD Deg. 2 Appl.

Not realizable h*_vectors 000000 00000 00000000 0o0eo

250 o :

200

150

100

| | | |
0 o0 100 150 200 250

Johannes Hofscheier _ Thursday 4 August 2016 26 / 27



Motivation LLS LSD Deg. 2 Appl.

Not realizable h*_vectors 000000 00000 00000000 0o0eo
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200 -
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Thank you!
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