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The lattice mixed volume

Definition
Let P1, . . . ,Pn Ă R

n lattice polytopes. Define lattice mixed volume by

MVpP1, . . . ,Pnq :“
ÿ

IĎrns
p´1qn´|I| VolnpPIq,

where PI :“
ř

iPI Pi is the Minkowski sum of all Pi with i P I.

Example
Let P1,P2 P R

2 lattice polytopes, then

MVpP1,P2q “ VolnpP1 ` P2q ´ VolnpP1q ´ VolnpP2q.
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Properties of the lattice mixed volume see e.g. [Sch14]

• MVpP1, . . . ,Pnq P Zě0 and for full-dimensional polytopes
MVpP1, . . . ,Pnq ě 1

• P Ă Rn full-dimensional ñ
MVpP, . . . ,Pq “ n! VolnpPq :“ VolZnpPq

• MV is multilinear, that is

MVpλP1 ` µP 11,P2, . . . ,Pnq “λMVpP1,P2, . . . ,Pnq

`µMVpP 11,P2, . . . ,Pnq.

• MV is monotone, that is

P 11 Ď P1, . . . ,P 1n Ď Pn ñ MVpP 11, . . . ,P 1nq ď MVpP1, . . . ,Pnq.

• MV is symmetric
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Algebro-geometric meaning

Theorem (B(ernstein)K(hovanskii)K(ushnirenko))
Let f1, . . . , fn P Crx1, x´1

1 , . . . , xn, x´1
n s generic Laurent polynomials

with Newton polytopes P1, . . . ,Pn Ă R
n.

#troots of f1, . . . , fn in pC˚qnu “ MVpP1, . . . ,Pnq

+ =

a0 ` a1x ` a2y ` a3xy b0 ` b1x ` b2y
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Mixed volume constellations

Fix full-dimensional lattice polytopes P1, . . . ,Pn Ă R
n.

For x1, . . . , xn P Zě0 such that x1 ` ¨ ¨ ¨ ` xn “ n, denote

MVpx1, . . . , xnq :“ MVpP1, . . . ,P1
loooomoooon

x1 times

, . . . ,Pn, . . . ,Pn
loooomoooon

xn times

q

“ MVpP1rx1s, . . . ,Pnrxnsq.

E.g., given P1,P2,P3 Ă R
3 write

• MVp1, 1, 1q “ MVpP1,P2,P3q

• MVp2, 1, 0q “ MVpP1,P1,P2q

• MVp0, 0, 3q “ MVpP3,P3,P3q “ VolZnpP3q
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Figure: The mixed volumes for n “ 3

Question: What are the relations between the MVpx1, x2, x3q?
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Question: What are the relations between the MVpx1, x2, x3q ?
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Goal: Bounding the Minkowski volume

VolZnpP1 ` ¨ ¨ ¨ ` Pnq “
ÿ

px1,...,xnqPZn
ě0

x1`¨¨¨`xn“n

cpx1,...,xnq MVpx1, . . . , xnq,

where cpx1,...,xnq “
` n

x1

˘`n´x1
x2

˘

¨ ¨ ¨
`n´x1´¨¨¨´xn´1

xn

˘

.

• want to bound VolZnpP1 ` ¨ ¨ ¨ ` Pnq for fixed MVpP1, . . . ,Pnq

• idea: bound all summands MVpx1, . . . , xnq
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Relations between mixed volumes

Theorem (Aleksandrov-Fenchel inequalities)
For P1, . . . ,Pn Ă R

n lattice polytopes we have

MVpP1, . . . ,Pnq
2 ě MVpP1,P1,P3, . . . ,PnqMVpP2,P2,P3, . . . ,Pnq,

or equivalently

MVpx1, . . . , xnq
2 ě MVpx1 ` 1, x2 ´ 1, x3, . . . , xnq¨

¨MVpx1 ´ 1, x2 ` 1, x3, . . . , xnq
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MVp1, 1, 1q2 ě MVp2, 0, 1qMVp0, 2, 1q

MVp0, 2, 1q2 ě MVp0, 1, 2qMVp0, 3, 0q

ñ MVp1, 1, 1q4 ě MVp0, 2, 1q2 ě MVp0, 3, 0q “ VolZn pP2q

as all mixed volumes ě 1
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012 111 210

021 120

030

Figure: Some Aleksandrov-Fenchel inequalities for n “ 3
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Concrete Bounds

Proposition (Schneider 14; Averkov, B, Soprunov 18+)
Denote bnpmq :“ maxtVolZnpP1 ` ¨ ¨ ¨ ` Pnq : MVpP1, . . . ,Pnq “ mu
(for full-dimensional polytopes). One has

bnpmq P
#

Opm3¨2tn{2u

q if n is odd,
Opm2n{2

q if n is even.

• sharp w.r.t. Aleksandrov-Fenchel inequalities
• actually not sharp!
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Theorem (Averkov, B, Soprunov, 18+)
Let n ď 6. Then

bnpmq P Opmnq.

Sharp bound, as VolZnp∆n ` ¨ ¨ ¨ `∆n `m∆nq “ pm` n´ 1qn P Opmnq.

• Conjecture: this is true for any n
• proof uses additional inequalities [BGL16]
• we can theoretically prove the bound for n ď 5
• Question: find relations among the MVpx1, . . . , xnq that show

bnpmq P Opmnq for general n!
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State of classification for n-dimensional families of
mixed volume m

What are all full-dimensional families P1, . . . ,Pn Ă R
n with

MVpP1, . . . ,Pnq “ m?

Where P1, . . . ,Pn – Q1, . . . ,Qn if Pi “ UpQiq ` ti for U unimodular
transformation and t1, . . . , tn P Z

n. Only known for
• m “ 1, all Pi are translates of the same unimodular simplex [EG15]
• n “ 2, m ď 4 [EG16],
• proposed list for n “ 3, m “ 2,
• work in progress: n “ 3, m P t2, 3, 4, . . .u
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Figure: Proposed list of maximal families of mixed volume 2 by Esterov-Gusev
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Conjecture (Esterov; Averkov, B, Soprunov)
For m ! n, all full-dimensional families with MVpP1, . . . ,Pnq “ m are
contained in a family λ1P, . . . , λnP.

We need m ! n as e.g. for n “ 2, m “ 2 there are counterexamples.
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The mixed degree

Denote intZpPq :“ Po XZn. Assume P1, . . . ,Pn Ă R
n full-dimensional.

Definition
The mixed codegree mcdpP1, . . . ,Pnq :“ min c such that
intZpPi1 ` ¨ ¨ ¨ ` Pic q ‰ H for some i1 ă ¨ ¨ ¨ ă ic
(no such c ñ mcd :“ n ` 1).

Define mixed degree mdpP1, . . . ,Pnq :“ n ` 1´mcdpP1, . . . ,Pnq.

• mdpP1, . . . ,Pnq “ 0 ô intZpP1 ` ¨ ¨ ¨ ` Pnq “ H,
• mdpP1, . . . ,Pnq ď 1 ô intZpPIq “ H for all I Ĺ rns,
• mdpP, . . . ,Pq “ degpPq.
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intZpPi1 ` ¨ ¨ ¨ ` Pic q ‰ H for some i1 ă ¨ ¨ ¨ ă ic
(no such c ñ mcd :“ n ` 1).

Define mixed degree mdpP1, . . . ,Pnq :“ n ` 1´mcdpP1, . . . ,Pnq.

• mdpP1, . . . ,Pnq “ 0 ô intZpP1 ` ¨ ¨ ¨ ` Pnq “ H,
• mdpP1, . . . ,Pnq ď 1 ô intZpPIq “ H for all I Ĺ rns,
• mdpP, . . . ,Pq “ degpPq.
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Connections to the mixed volume

Theorem (Esterov 15; Nill 17)

MVpP1, . . . ,Pnq “ 1 ô mdpP1, . . . ,Pnq “ 0.

Theorem (Soprunov 07, Nill 17)

MVpP1, . . . ,Pnq ´ 1 ď | intZpP1 ` ¨ ¨ ¨ ` Pnq|,

with equality iff mdpP1, . . . ,Pnq “ 1.
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Classification for mixed degree 1

Theorem (Batyrev, Nill 04)
P Ă Rn full-dimensional with degpPq ď 1. Then either

• P is the pn ´ 2q-fold pyramid over 2∆2, or
• there is a lattice projection of P onto ∆n´1 (P is a Lawrence prism).

What about a mixed version of this?

Theorem (Balletti, B, 18+)
P1, . . . ,Pn Ă R

n full-dimensional with mdpP1, . . . ,Pnq “ 1 and n ě 4.
Either

• P1, . . . ,Pn is among finitely many exceptions, or
• P1, . . . ,Pn have common projection onto ∆n´1.

For n “ 3 there exist infinitely many exceptions.
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Questions about the mixed degree

• What are the exceptional families of mixed degree 1? Can they be
described easily for n large enough?

• Does the mixed volume yield an upper bound on the mixed degree
(under some spanning conditions)?
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Thank you!
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